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Abstract
We study the decay of large amplitude, almost periodic breather-like states in a deformed sine-Gordon model in one spatial dimen-
sion. We discover that these objects decay in a staggered fashion via a series of transitions, during which higher harmonics are
released as short, staccato bursts of radiation. Further, we argue that this phenomenon is not restricted to one particular model, and
that similar mechanisms of radiative decay of long-lived oscillating states can be observed for a wide class of physical systems,
including the φ6 model.
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Many non-linear physical systems support oscillons, spa-
tially localized almost time-periodic field configurations which
can live for exceptionally long times [1, 2, 3]. Unlike the breathers
of the sine-Gordon (sG) model, oscillons (sometimes also re-
ferred to as quasi-breathers) continuously emit scalar radiation
via the excitation of scattering modes of the continuous spec-
trum. Oscillons and their close relatives, gravitationally bound
oscillatons, appear in a broad class of classical field theories
in various dimensions, and in recent years they have attracted
much attention [4, 5, 6, 7, 8, 9, 10].
In 1+1 dimensional scalar field theories, the slow decrease
of the amplitude of small oscillons continues smoothly up to
the limit of very small size. However, and despite the fact that
its amplitude becomes arbitrarily small, the oscillon can never
be described as a solution of a linearized equation in the vac-
uum sector, since its existence depends on the nonlinearity of
the system. Sine-Gordon breathers possess exactly the same
feature, and the similarity between the perfectly periodic, non-
radiating sG breathers and oscillon solutions of the φ4 theory
leads to interesting relationships between the two, something
that we will exploit in this paper. It is worth mentioning that
modified sG models, and variants including the φ4 and φ6 the-
ories, have many physical applications and have been studied
for many decades [11, 12, 13, 14, 15, 16, 17, 18]. Nevertheless,
we were able to find the novel phenomenon of stacatto decay,
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as described in this paper.
The decay rate of small-amplitude oscillons in nonintegrable
models such as the φ4 model has been explored in a number of
works, including [19, 20, 21, 22]. It was found to be beyond all
orders in perturbation theory, given by dE/dt ∼ − exp (−B/E),
where E is the energy of the oscillon and B is a constant. The
long time evolution of the small-amplitude oscillon thus in-
volves the slow decrease of its amplitude, which turns out to be
accompanied by a gradual increase in its frequency. Neverthe-
less, the frequency remains below the mass threshold, meaning
that the modes of the continuum can only be excited through the
second (and higher) harmonics [21, 23, 24]. In higher spatial di-
mensions, the configuration may rapidly collapse into radiation
as the fundamental frequency approaches some critical value,
which is still below the mass threshold [21, 23, 24, 25, 26, 27].
However, and despite many extensive numerical studies, there
is still very little known about the true nature of this decay pro-
cess.
In contrast to previous studies, our focus here is not on
small amplitude oscillons, but rather on large oscillons, taking
a mildly deformed 1+1 dimensional sG model with weak inte-
grability breaking as our main example. This deformation lifts
the infinite degeneracy of the vacuum while leaving a Z2 sym-
metry unbroken. We have found that the long time evolution
of the corresponding oscillon configuration is not smooth, but
is realised through a series of transitions caused by the release
of higher propagating harmonics. In previous work [28, 29]
we found that deep, oscillating bound modes, when excited
to the nonlinear regime, can, in certain circumstances, block
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one or more harmonics as possible decay channels. This phe-
nomenon depends on the nonlinear dependence between fre-
quency and amplitude, which in the previously studied models
could be found only numerically, or within perturbation the-
ory. Breathers, on the other hand, are perfect examples of such
nonlinear excitations, and for suitably small deviations from in-
tegrability they well approximate the decaying oscillon. Their
frequency-amplitude relation is well known analytically. More-
over, the frequency can be changed, due to the nonlinearities,
within the entire mass gap. By breaking the integrability we
allow the oscillons to radiate and evolve through a wide range
of frequencies.
A deformed sine-Gordon model. Consider a scalar field theory
in 1+1 dimensions defined by the Lagrangian
L = 1
2
φ2t −
1
2
φ2x − U(φ) , (1)
where U(φ) is a simple Z-breaking modification of the sG po-
tential depending on a parameter  ∈ [0, 1]:
U(φ) = (1 − )(1 − cos φ) + φ
2
8pi2
(φ − 2pi)2 . (2)
The standard sG potential is recovered in the limit  = 0, while
setting  = 1 yields a potential with just two vacua, φv1 = 0 and
φv2 = 2pi, a shift and rescaling of the Z2-symmetric potential of
the φ4 model. Thus, the model with the potential (2) interpo-
lates between the integrable sG model and the φ4 model, with
integrability being broken for all non-zero values of . Note
that the parameters in (2) are fixed in such a way that the mass
of small perturbations around the vacuum remains the same as
in the original sG model, since U′′(0) = m2 = 1 for all values
of .
The sG model supports a spatially localized solution, ex-
actly periodic in time, the breather:
φB(x, t;ω, b) = 4 arctan
(
b cosωt√
1 − b2 cosh bx
)
, (3)
where b =
√
1 − ω2. The topological charge of this configu-
ration is zero, and it can be viewed as a bound state of a kink
and anti-kink, oscillating with a constant frequency ω, which
is a parameter of the solution. Although b is a function of the
frequency ω, we leave the dependence on b explicit to distin-
guish which part of the solution is associated with the profile
and which with the time evolution.
Our goal is to study the time evolution of the breather con-
figuration (3) in the deformed model (2).
Note that in the pure sG model, the breather solution can be
decomposed into a Fourier series in time with only odd multi-
plicities of the frequency ω. Since the deformed potential (2)
is no longer invariant with respect to parity reflections about ei-
ther vacuum, the corresponding expansion for  , 0 should also
include even harmonics.
The oscillon solutions of the φ4 theory have been studied in
many papers, including [19, 20, 21, 23, 24]. When the ampli-
tude of the oscillations is small, a φ4 oscillon can be treated as a
small sG breather perturbed by higher order polynomial terms
in the potential. Evidently, this deformation breaks the integra-
bility of the sG system and causes the radiative decay of the
oscillon.
In this paper we consider a different limit. We assume that
the amplitude is large, but the modification of the sG potential
is small,   1. We conjecture that in such a case the profile of
the oscillon can be well approximated by the sG breather, thus
the initial data in our numerical simulation corresponds to the
configuration (3)
φ(x, 0) = φB(x, 0;ω0, b0) , φt(x, 0) = 0 (4)
for some initial frequency ω0, with b0 =
√
1 − ω20 .
Numerical simulations. We have solved the full nonlinear
evolution partial differential equation numerically, taking the
breather profile (3) as the initial condition at t = 0. Large am-
plitude oscillons with ω < 12 radiated visibly even for relatively
small values of the integrability breaking parameter,  < 0.001.
We measured the field values at the centre x = 0, and far away
from the oscillon, x = 50. An example evolution for ω0 = 0.1
and  = 0.0025 is shown in the Figure 1 (see – and hear – also
the Supplementary Material [A] and [B]). Subplot (a) shows
the field at the centre, (b) the field at a distance x = 50 from
the centre and (c) the spectrogram of the field measured at the
centre.
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Figure 1: Multiple transitions for  = 0.0025, ω0 = 0.1 at frequencies ω = m/n,
n = 2 . . . 6. The mass threshold m = 1 is denoted by a dashed black and
white line. (a) Amplitude of the oscillations at the centre x = 0, (b) radiation
amplitude measured at x = 50, (c) spectrogram of the field measured at the
centre φ(0, t).
The most striking feature of the evolution is that the oscillon
does not relax uniformly (Figure 1(a)). Relatively long times of
what looks like the standard relaxation processes are separated
by sudden sharp jumps, during which the rate of the decay in-
creases significantly. These jumps are reflected in far-field mea-
surements (Figure 1(b)) as larger bursts of radiation, by at least
2
one order of magnitude. The spectrogram (c) gives more in-
sight into the nature of these jumps. Bright lines correspond
to dominant frequencies in the spectrum. Notably, the lowest,
basic, frequency is accompanied by all of its multiples. After a
short transient time of some adjustment, at least six harmonics
are visible below the mass threshold. For most of the time the
basic frequency and the higher harmonics change adiabatically
slowly. A jump occurs whenever one of the harmonics crosses
the value ω = 1, which is the mass threshold. The frequency
of the oscillon quickly changes and then slows down until the
next event. During these short transitions the harmonic enter-
ing the scattering spectrum changes its nature from localized to
wave-like. This explains the burst of radiation observed in the
far field.
Stationary approach. Numerical simulations suggest that
the oscillon for most of the time evolves adiabatically, slowly
changing its basic frequency and amplitude. It is therefore justi-
fied to assume that, in between the jumps, the momentary state
of an oscillon can be well approximated by a stationary solu-
tion, which is just small perturbation of a breather. Let us con-
sider a perturbative expansion of the field equation
φtt − φxx + sin φ + δU′(φ) = 0 , (5)
around the breather solution (3), φ = φB + φ(1) + O(2). The
deformation of the usual sG potential defined by (2) is of the
first order in ,
δU =
φ2
8pi2
(φ − 2pi)2 − 1 + cos φ . (6)
In the first order in  the corresponding equation of motion is
φ(1)tt − φ(1)xx + (cos φB) φ(1) + δU′(φB) = 0 . (7)
Here
cos φB =
1 − 6u2 + u4
(1 + u2)2
, u =
√
1 − ω2 cos(ωt)
ω cosh(
√
1 − ω2 x)
. (8)
Note that the partial differential equation (7) resembles the
well known Mathieu or Hill equation with additional driving
force δU′.
The breather solution is periodic in time, and the spectro-
gram of the oscillon field at its centre shows that it is almost
periodic, with a well defined basic frequency and its multiples.
Therefore we can make use of the Fourier decomposition
φ(1) =
∞∑
n=−∞
ξn(x)einωt , cos φB =
∞∑
n=−∞
Vn(x)einωt (9)
where V−n = Vn, ξ−n = ξ∗n and
δU′(φB) =
∞∑
n=−∞
gn(x)einωt . (10)
Substituting these expansions into the first order equation (7),
we obtain(
−n2ω2 − d
2
dx2
)
ξn +
∞∑
m=−∞
Vn−mξm + gn = 0 . (11)
This is a system of linear, coupled ODEs, which describes the
evolution of the modes ξn, coupled via the convolution of in-
finite vectors ξm and Vn. The solutions to equation (11) for
different harmonics ξn can be categorised as either normaliz-
able modes with |nω| < 1, which are localized by the potential
Vn(x), or radiative modes above the mass threshold, |nω| > 1.
The latter modes represent outgoing waves, and satisfy the fol-
lowing boundary condition for L  1
iknξn(±L) ± ξ′n(±L) = 0, kn = sign(n)
√∣∣∣1 − n2ω2∣∣∣ , (12)
which ensures the absence of the incoming waves.
The normalizable Fourier modes (|nω| < 1) must vanish
exponentially at spatial infinity as ∼ e−kn |x|. The asymptotic
boundary condition for these modes is
knξn(±L) ± ξ′n(±L) = 0 , L  1 . (13)
We solved the above problem by discretising the system
(11) and making use of the fourth order finite difference scheme
with even boundary conditions imposed at x = 0. Example so-
lution is plotted in Firgure 2.
From these solutions we can extract the amplitudes of the
corresponding modes An, defined as
ξn(x→ L) ≈
Ane−iknx , for |n| < 1/ωAne−knx , for |n| > 1/ω . (14)
The amplitudes for the first few harmonics are shown in Fig-
ure 3, where the Fourier series were truncated to include forty
modes. Note that one can clearly see the large amplitude peaks
of the localized modes at the resonance frequencies ω = 1/n,
n = 1, 2 . . . . These peaks correspond to the situation when
one of the multiplicities of the basic frequency changes its na-
ture from localized nω < 1 to propagating nω > 1. Exactly
at nω = 1 the wave number vanishes, kn = 0. The stationary
approach described by equation (11) is unable to describe this
situation properly due to the resonance between one of the har-
monics and the mass threshold. This singularity shows the lim-
itations of the perturbative approach and indicates that for these
special cases the evolution is highly non-perturbative. How-
ever, in between those resonant frequencies ω = 1/n, the evolu-
tion should be properly described by the Fourier decomposition,
at least in the adiabatic approximation assuming that the fre-
quency changes very slowly with time, which is true for small
values of . On the other hand, for all nonvanishing  the oscil-
lon should undergo a dramatic, non-perturbative change in its
structure (one of the harmonics delocalizes) in a close vicinity
of the resonant frequencies.
One of the interesting features of the radiation bursts is their
characteristic structure, which allows the harmonic from which
they came to be identified. For example if the ratio of the first
two observed frequencies is 3 : 2 (a perfect fifth in musical
terminology), the second harmonic of the oscillon was released.
If the ratio is 4 : 3 (a perfect fourth), then the third harmonic
was released and the second is still below the threshold (see and
hear also the Supplementary Material [A] and [B]).
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Figure 2: Example of the numerical solutions of the system of ODEs (11) for ω = 0.45.
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We have also investigated how the above patters change for
different values of . In the Figure 4 we have plotted the number
of the first propagating harmonics as a function of the pertur-
bation parameter  and evolution time, starting from the large
amplitude sG breather configuration with frequency ω = 0.1.
Note that the frequency of the oscillations can be measured nu-
merically only when the oscillating field possess an extremum
at x = 0, which is generally not a case. We have interpolated
the frequency for much denser time gird using cubic splines.
The perturbation destroys the integrability of the model,
thus even for a very small values of  the oscillon radiates the
outgoing waves reducing its amplitude and, consequently, re-
leasing lower harmonics. Even for relatively small value  ∼
0.005, after about t = 1000 units of time the oscillon relaxes
radiation through the second harmonic, which becomes visi-
ble in the power spectrum. For smaller values of  the time
between the transitions increases significantly. Moreover a res-
onant structure is clearly visible, however the time evolution
becomes much slower for some values of .
More generally, we observe that the pattern of time evolu-
tion of the radiating oscillon in the perturbed model (2) is very
sensitive to the small variations of  revealing some chaotic be-
haviour. Note that similar feature was observed by Gleiser for
the 3+1 dimensional oscillons [3], it was pointed out that some
initial data produced exceptionally long living oscillons while a
tiny variation of the input profile lead to abrupt collapse of the
configuration.
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Figure 4: First radiating harmonic as a function of  and evolution time starting
from ω = 0.1 sG breather profile.
Generalisations. Further numerical simulations of our model
show that for larger values of , closer to the φ4 limit, the in-
creased coupling to radiation means that the oscillons reduce
in amplitude more quickly, impeding the observation of tran-
sitions (even for  = 0.01, the amplitude reduces to the point
where the frequency is above m/2 after just 400 units of time).
However, it is not hard to find other models where similar fea-
tures are visible, including the much-discussed φ6 model [17,
18, 30]. In the triply-degenerate vacuum case that was the fo-
cus of [18, 30], after a low-velocity collision of a kink and an
antikink, a bound state (often called a bion) is formed. This ob-
ject radiates and loses energy, slowly decaying to vacuum as an
oscillon. We have repeated the same analysis as above (Figure
5 and the Supplementary Material [C] and [D]) for this case,
looking at the collision between a right-moving kink interpo-
lating between the −1 and 0 vacua, and a left-moving antikink
interpolating between the 0 and −1 vacua, and found that even
here, relatively far from the sG model, the evolution is very sim-
ilar (see figure 5 and the Supplementary Material [C] and [D]).
The oscillon, although highly perturbed, decays through a se-
ries of jumps which can easily be matched with the successive
4
releases of higher harmonics. In the spectrogram some more
frequencies are also visible due to the initial perturbations, but
the dominant features come from the effects described in this
paper. Provided the lifting of the vacuum degeneracy is not too
great, the same phenomena can be seen in the more-general φ6
models originally discussed in [17]. As a final example, we in-
vestigated the hyperbolic φ4 model recently introduced in [31],
and found similar effects there too, as shown in the Figure 6.
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Conclusions. In this paper we presented a novel approach
to the analysis of oscillons in which we treated large oscil-
lons as perturbed breathers in slightly deformed sG model. As
our example we took a potential which interpolates between
the infinitely-degenerate and Z-symmetric sG potential and the
doubly-degenerate potential of a scaled φ4 model. An arbitrarily-
small deformation of the sG system breaks both the integrabil-
ity and the Z symmetry of the system, and transforms the ex-
act time-periodic non-radiating breather into an oscillon. The
cores of these oscillating lumps are very similar to the cores
of sG breathers, but they possess a radiating tail. One of the
surprising things we found is that a system which is so close
to an integrable model can behave in such a complicated way
(though see [32] for a further example of an apparently small
breaking of integrability having a dramatic effect on a system’s
behaviour). The evolution is also very different from the de-
cay of the usual, small-amplitude oscillons, extensively studied
in the literature in many models. Counterintuitively, the large-
amplitude oscillons do not decay uniformly but rather through a
series of radiative bursts of increasing amplitude. These bursts
can be associated with the release of successive harmonics into
the continuous spectrum. Only after the releasing the second
lowest harmonic do the oscillons enter a regular decay phase.
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Figure 6: Transitions in the hyperbolic φ4 model after the collision of a kink-
antikink pair with initial velocity vin = 0.057 a) Amplitude of the oscillations
at the centre x = 0, b) radiation amplitude measured at x = 50, c) spectrogram
of the field measured at the centre φ(0, t).
We also discovered a similar type of staggered relaxation in
the φ6 and hyperbolic φ4 models, in the decay of an oscillon
created by the annihilation of a kink and an antikink. It is natu-
ral to predict that similar phenomena will be observed in many
other models, including those in which the integrability of the
sG model is broken by other field-theoretic potentials, external
potentials (or impurities), or modified boundary conditions (in-
cluding Neumann [28] and Robin [32]). We therefore expect
that the effects described in this paper will arise in a wide class
of field theories, once large-amplitude excitations are consid-
ered.
Finally, we mention that non-uniform oscillon decays have
been observed in some earlier studies of oscillons in higher di-
mensions [24, 27]. However, these appear to be very different
from the decays we have discussed in this paper. For example,
the three-dimensional oscillon decay shown in figure 6 of [24]
is not fully uniform, pulses of radiation initially being released
in sync with a large period modulation of the amplitude of the
field at the origin. However this modulation is not itself as-
sociated with the successive crossing of thresholds, as was the
case for our models. This form of decay continues until a cer-
tain critical frequency is reached, at which point the oscillon
of [24] becomes unstable and decays more quickly, releasing a
large amount of radiation. The lifetime of this oscillon depends
on the initial conditions, revealing an intriguing resonant struc-
ture. However, in these earlier studies, only oscillons with high
frequency, just below the mass threshold, were considered. All
harmonics except the zeroth-frequency and the basic one were
already above the mass threshold. The observed final jump
of the decay rate was due to the oscillon entering an unstable
phase, when its size was not sufficient for nonlinearities to bind
5
the field into a single localized object. We, on the other hand,
studied low frequency oscillons when the jumps in the decay
rate corresponded to the sequential releasing of higher harmon-
ics as the frequency gradually increased. Moreover, in one spa-
tial dimension we would not expect an oscillon to end its evolu-
tion with a collapse after reaching some critical frequency, but
rather to decay slowly into the vaccum. This is indeed what we
observed in our models after the final stacatto burst of radiation
was released.
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Supplementary material. The files accompanying this paper
illustrate a few aspects of large oscillon decay. In each of the
audio-visual files [A] – [D], there are four plots: a spectrogram
(upper-left), the field either at the centre or at x = 50 (bottom-
left), a current FFT of a short window (upper-right) and a cur-
rent view of the time dependence of the field (bottom-right).
We have added soundtracks to these plots, inspired in part by
the LIGO audio files [33]. These soundtracks “audibilize” the
oscillations of the field, with the frequency adjusted for the hu-
man ear. In the far-field soundtracks the characteristic bell-like
sounds signal the passages of the staccato bursts of radiation
past the measuring point.
[A] OscillonCentre.mov : Evolution of the field at the cen-
tre for  = 0.0025, ω0 = 0.1.
[B] OscillonFar.mov : Evolution of the field at x = 50 for
 = 0.0025, ω0 = 0.1.
[C] Phi6Centre.mov : Evolution of the field at the centre
after a kink-antikink collision in the φ6 model.
[D] Phi6Far.mov : Evolution of the field at x = 50 after a
kink-antikink collision in the φ6 model.
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